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Thomas-Fermi and Hohenberg-Kohn theory (HK) are density
functional theories (DFT) for the ground state energy and the
ground state density. They also determine the adiabatic motion
of ions. Mermin generalized the HK theory for the
grand-canonical equilibrium state.

GW and LDA+DMFT are DFTs for the self-energy of
quasi-particle excitations and hence for the electronic spectra.

Time-dependent DFT (TDDFT) is a DFT for the non-equilibrium
dynamics based on Keldysh Green’s functions. It also
determines dynamic linear response.

This presentation deals with HK theory.
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Historical remarks:

Let f (x) have a first and second derivative with f ′′(x) > 0. Then,

f ′(x) = y ⇒ f ∗(y) = yx − f (x), x = x(y)

defines uniquely a function f ∗(y).
This was known to G. W. Leibniz (1646-1716).

It readily generalizes to N dimensions x , y ∈ R
N :

∇f (x) = y ⇒ f ∗(y) = 〈y , x〉 − f (x), x = x(y)

which was first used 1776 by L. Euler
and then 1789 introduced by A. M. Legendre to transform from
Lagrange’s to Hamilton’s equations of point mechanics.

Since then it has been widely used in physics.
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In 1949, W. Fenchel generalized the transformation to any
function f : R

N → R
N ∪+∞, f 6≡ +∞ as

f ∗(y) = sup
x
{〈y , x〉 − f (x)}

f need even not have anywhere a first derivative.

In 1962, J. J. Moreau generalized this transformation to
functionals defined on mutually dual functional spaces.

Helmut Eschrig IFW Dresden Introduction to the Density-Functional Theory of the Ground State

Legendre IFS HK KS Mermin MKS Summary

Legendre transformation

f (c) 7→ f ∗(x) = sup
c
{xc − f (c)}

c
y

y = f (c)

y = xc
(x = −2)
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Legendre transformation
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If f (c) is not convex between c1 and c2, the derivative of f ∗(x)
jumps at the slope x0 of the common tangent at c1 and c2.

If the derivative of f (c) jumps at c0 from x1 to x2, the function
f ∗(x) is linear between x1 and x2.

To have a Legendre transform, f (c) can be arbitratily wild;
tangent should be understood as tangent of support.
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Tangent of support

c

f f (c)

subdifferential ∂f (c0): set of all slopes of tangents of support to
f (c) at c0.
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Legendre transformation

f ∗(x) 7→ f ∗∗(c) = sup
x
{cx − f ∗(x)} ≤ f (c)

c
y

f (c)

f ∗∗(c)

−2 −1 1 2

f ∗(x)
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Examples

Lagrange function L 7→ Hamilton function H

H(q1, . . . ,qm; p1, . . . ,pm) = sup
{vk}

{

〈P,V 〉−L(q1, . . . ,qm; v1, . . . , vm)
}

〈P,V 〉 =
∑

k

pkvk

m-dimensional Legendre transformation;
P runs through linear functions on the space of V .
The space of the P is dual to the space of the V .

As a transformation between dual spaces, the Legendre transformation
is analogously defined even for infinite dimensional (functional) spaces.
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Examples

Inner Energy E 7→ Helmholtz Free Energy F

−F (T ,V ) = sup
S
{TS − E(S,V )}

Inner Energy E 7→ Enthalpy H

−H(S,P) = sup
V
{−PV − E(S,V )}

Helmholtz Free Energy F 7→ Gibbs Free Energy G

−G(T ,P) = sup
V
{−PV − F (T ,V )}
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Basic properties

f ∗ is convex; if f is convex, then f ∗∗ = f .

f ∗(x) + f (c) ≥ xc

f ∗(x) + f ∗∗(c) = xc ⇐⇒ c ∈ ∂f ∗(x) and x ∈ ∂f ∗∗(c)

x

f ∗

cx + d

x0

∂f ∗(x0) = {c}

c

f ∗∗

x1c + d1
x2c + d2

c0

∂f ∗∗(c0) = [x1, x2]
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Let f and f ∗ both be convex:

if f (c) has no derivative at c, then there is a convex domain in
x-space where f ∗(x) is linear;

if f (c) is linear in some convex domain in c-space, then f ∗(x)
does not have a derivative at x equal to the gradient of the
linear function.

In the functional case, c and x must freely vary in mutually
conjugate functional spaces and the derivative must be
understood as Frechet derivative.
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x = (r , s),

∫

dx =
∑

s

∫

d3r , atomic units: ~ = m = 1.

Fock space:
Ĥ = T̂ + Ŵ + V̂ ,

T̂ =
1
2

∫

∇ψ̂†(x)∇ψ̂(x) dx ,

Ŵ =

∫

ψ̂†(x)ψ̂†(x ′)w(r , r ′)ψ̂(x ′)ψ̂(x) dx ′dx ,

V̂ =
∑

ss′

∫

ψ̂†(r , s)vss′(r)ψ̂(r , s′) d3r ,

n̂ss′(r) = ψ̂†(r , s′)ψ̂(r , s), N̂ =

∫

ψ†(r , s)ψ̂(r , s) dx .
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Quantum state:

Orthonormal Fock space basis: |Ψk 〉, 〈Ψk |Ψk ′〉 = δkk ′ .
The |Ψk 〉 are 0,1,2,. . . -particle states.

P =
∑

k

|Ψk 〉pk 〈Ψk |, pk ≥ 0,
∑

k

pk = 1.

n[P] = nss′(r) = tr (n̂ss′(r)P) =
∑

k

pk 〈Ψk |n̂ss′(r)|Ψk 〉,

N[P] = tr (N̂P), E [P] = tr (ĤP),

〈v ,n〉 =

∫

vn dx =
∑

ss′

∫

vss′(r)ns′s(r) d3r .
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In an infinite space the N-particle system does not necessarily
have a ground state. For instance a potential −A/r does at
most bind N = A + 1 electrons. Any additional electron is not
bound and disappears at infinity in a non-stationary scattering
state.

Periodic boundary conditions:
x ≡ x + L, y ≡ y + L, z ≡ z + L : r ∈ T

3

Three-torus T
3 of finite volume |T3|

⇒ A ground state always exists.

Ground state energy:

E [v ,N] = min
P

{

tr (Ĥ[v ]P)

∣

∣

∣

∣

tr (N̂P) = N
}
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For fixed v , E [v ,N] is convex in N:

E [v ,N1] = tr (Ĥ[v ]P1), tr (N̂P1) = N1,

E [v ,N2] = tr (Ĥ[v ]P2), tr (N̂P2) = N2,

P̄ = cP1 + (1− c)P2, 0 ≤ c ≤ 1,

N̄ = tr (N̂P̄) = cN1 + (1− c)N2

E [v , N̄] = min
P

{

tr (Ĥ[v ]P)
∣

∣ tr (N̂P) = N̄
}

≤

≤ tr (Ĥ[v ]P̄) = cE [v ,N1] + (1− c)E [v ,N2].

N
E N1 N̄ N2
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For fixed N, E [v ,N] is concave in v : (−E [v ,N] is convex)

E [cv1 + (1− c)v2,N] =

= min
P

{

ctr (Ĥ[v1]P) + (1− c)tr (Ĥ[v2]P)
∣

∣ tr (N̂P) = N
}

≥

≥c min
P1

{

ctr (Ĥ[v1]P1)
∣

∣ tr (N̂P1) = N
}

+

(1− c) min
P2

{

ctr (Ĥ[v2]P2)
∣

∣ tr (N̂P2) = N
}

=

= cE [v1,N] + (1− c)E [v2,N], 0 ≤ c ≤ 1,

since a joint minimum of a sum cannot be below the sum of the
independent minima of the items.
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Legendre transformations:

G̃[v , µ] = sup
N

{

µN − E [v ,N]
}

= G[v − µ] = − inf
N

E [v − µ,N],

since E [v − µ,N] = E [v ,N]− µN,

E [v ,N] = sup
µ

{

Nµ−G[v − µ]
}

.

Exercise: Show that the supremum of a family of convex functions is convex.

G, like −E is convex in v ; −n as dual (functional) variable to v :

H̃[−n] = sup
v

{

〈−n, v〉 −G[v ]
}

= H[n],

G[v ] = sup
n

{

〈v ,−n〉 − H̃[−n]
}

= − inf
n

{

H[n] + 〈v ,n〉
}

.
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H[n] = sup
v

{

−〈n, v〉+ inf
N

E [v ,N]
} !

=

= inf
N

sup
v

{

E [v ,N]− 〈n, v〉
}

=

= inf
N

FLieb[n,N].

E [v ,N] = sup
µ

{

Nµ+ inf
n

{

H[n] + 〈v − µ,n〉
}} !

=

= inf
n

{

H[n] + 〈v ,n〉+ sup
µ

[N − 〈1,n〉]µ〉}.

E [v ,N] = min
n

{

H[n] + 〈v ,n〉
∣

∣

∣
〈1,n〉 = N

}

.

v ∈ L3/2(T3), n ∈ L3(T3).

HK lemma: n 7→ v − µ is unique (not proven here).
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The Kohn-Sham ansatz (KS):

nss′(r) =
∑

i

φi(r , s)niφ
∗
i (r , s

′),

0 ≤ ni ≤ 1,
∑

i

ni = N, (φi |φj) = δij .

H[n] = K [n] + L[n],

K [n] = min
{φi ,ni}

{

k [{φi ,ni}]

∣

∣

∣

∣

(φi |φj) = δij ,
∑

i

φiniφ
∗
i = n, 0 ≤ ni ≤ 1

}

,

k : Hermitian form of the φi .

E [v ,N] = min
{φi ,ni}

(φi |φj )=δij
0≤ni≤1
P

i ni=N

{

H[n[{φi ,ni}]] +
∑

i

ni(φi |v |φi)

}

.
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(

k̂ + v + vL
)

φi = φiεi ,

δk
δφ∗i

= k̂φini , vL =
δL
δn
,

ε1 ≤ ε2 ≤ · · · ,

ni = 1 for εi < εN , 0 ≤ ni ≤ 1 for εi = εN , ni = 0 for εi > εN .

The existence of a splitting H = K + L as above with existing
functional derivatives and hence the whole KS approach is a
guess, not proven so far!
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There is next to no hope to get a systematic approach to the
knowledge of H[n] or L[n]. (k [{φi ,ni}] is usually defined
explicitly.)

Therefore, applied DFT is model DFT.

Local density approximations (LDA or GGA) as an example:

k =
∑

i

ni(φi |̂t |φi) +
1
2

∑

ij

ninj(φiφ
′
j ||r − r ′|−1|φ′jφi),

L[n] =

∫

n(r)l(n(r),∇n(r), . . .) d3r .

LDA+U, SIC, . . . differ in the definition of k .
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The long-standing representability problems of DFT have been
overcome by this approach for the ground state DFT and SDFT.

There are still problems with the non-existence of derivatives,
notably the gap problem for semiconductors and more subtle
problems for SDFT (and generally for KS);
see
H. Eschrig and W.E. Pickett, Solid St. Commun. 118, 123 (2001);

W. Kohn et al., Int. J. Quant. Chem. 100, 20 (2004).
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Mermin 1965:

Grand canonical state:

ρβ[v − µ] =
e−β(Ĥ−µN̂)

tr e−β(Ĥ−µN̂)

Generating functional for the grand canonical potential Ωβ :

Ωv [ρ] = tr ρ
(

Ĥ[v ]− µN̂ +
1
β

ln ρ
)

, ρ > 0, tr ρ = 1

Ωβ[v − µ] = −
1
β

ln tr e−β(Ĥ−µN̂) = Ωv [ρβ[v − µ]]

Ωv [ρ] > Ωv [ρβ[v − µ]] = Ωβ[v − µ] for ρ 6= ρβ[v − µ]

(v−µ) 7→ ρβ 7→ n = tr (ψ̂†ψ̂ρβ) and, as HK n 7→ (v−µ) is unique
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Unique mappings:

L3/2(T3) ∋ (v − µ) ←−−−− n ∈ Dβ




y

x





grand canonical ρβ

Dβ =
{

n coming from some ρβ , β fixed
}

From its definition:

Ωβ[v ] is strictly concave in v for T > 0.
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Legendre transformation −Ωβ[v ]↔ F̃β[−n]:
(v used as shorthand for v − µ.)

Fβ[n] = F̃β[−n] = sup
v

{

− 〈n, v〉+ Ωβ[v ]
}

,

Ωβ[v ] = min
n

{

Fβ[n] + 〈v ,n〉
}

.

Fβ[nβ[v ]]− Ωβ[v ] = −〈nβ[v ], v〉 ⇒
δΩβ

δv
= nβ[v ],

Fβ[n]− Ωβ[vβ[n]] = −〈nvβ[n]〉 ⇒
δFβ

δn
= −vβ[n], n ∈ Dβ .
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Subsystem of a single quantum state (orbital) ϕk of a
non-interacting system (|〉 is the vacuum):

ρk = |〉(1− pk )〈|+ |ϕk 〉pk 〈ϕk |.

T k
β [pk , ϕk ] = tr ρk

(

T̂ +
1
β

ln ρk

)

=

= −pk 〈ϕ|
∆

2
|ϕ〉 +

1
β

(

pk ln pk + (1− pk ) ln(1− pk )
)

Tβ[n] = inf
{pk ,ϕk}

{

∑

k

T k
β [pk , ϕk ]

∣

∣

∣

∣

∑

k

pk |ϕk |
2 = n

}

.
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Ω0
β[v ] = min

n

{

Tβ[n] + 〈v ,n〉
}

=

= min
{pk ,ϕk}

{

∑

k

T k
β [pk , ϕk ] + 〈v ,n[pk , ϕk ]〉

}

Variation of ϕ∗ and of pk :

(

−
∆

2
+ v

)

ϕ0
k = ϕ0

kε
0
k ,

p0
k (β) = fβ(ε0

k ) =
1

eβε0
k + 1

.
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Definition of F XC
β [n] for an interacting system:

Fβ[n] = Tβ[n] +
1
2

∫

nss(r)ns′s′(r ′)
|r − r ′|

dxdx ′ +

+ F XC
β [n], n ∈ D,

(

−
∆

2
+ veff − εk

)

ϕk = 0,

veff = v + vH + vXC, vXC =
δF XC

β

δnβ
,

pk (β) = fβ(εk − µ),

nβ[v − µ] = nss′(r) =
∑

k

fβ(εk − µ)ϕ(r , s)ϕ∗(r , s′),

Ωβ[v − µ] = Fβ[nβ[v − µ]] + 〈(v − µ),nβ[v − µ]〉.
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The whole theory, of course, as in the ground state variant
again depends on the knowledge of the density functional
F XC

β [n] which hardly ever is accessible and hence has to be
modeled changing the exact theory into a model theory within a
rigorous frame. Also, the existence of the derivative of F XC

β [n] is
still not proven.

This theory is not yet tested, but among new perspectives for
T > 0 it could for T → 0 finally settle some of the open
questions, in particular for SDFT.
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Based on the modern theory of Legendre transformations,
for which an elementary introduction is presented, and on
the convexity properties of the ground state energy E [v ,N]
as a functional of the external potential v and a function of
the particle number N, the most general form of the HK
theorem is derived.

Introduction of via orbital dependent expressions explicitly
defined parts of the density functional yields both the KS
equations and the aufbau principle for the occupation of
KS orbitals. The observation of the latter is mandatory for
finding the total energy minimum in KS theory.
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Ground state DFT yields the total energy as function of the
geometric configuration of ions in molecules and solids
(adiabatic energy surfaces), and the charge and possibly
spin density for each configuration. For weakly correlated
systems also the band structure has some limited physical
meaning.

At non-zero temperature there is a one-one mapping
between potentials and (spin)-densities in full generality. A
HKS theory may be designed in full analogy to the ground
state case, which has no restrictions and no jumps of
derivatives.

Non of these theories covers orbital magnetism which can
in a similar way only be treated within Dirac theory.
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Thank you for your attention!
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