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Historical remarks:

Let f(x

) have a first and second derivative with f”(x) > 0. Then,

ffix)=y = fy)=yx—f(x), x =x(y)

defines uniquely a function f*(y).
This was known to G. W. Leibniz (1646-1716).

It readily generalizes to N dimensions x, y € RN:

Vix)=y = Fy)={y,x) —f(x), x =x(y)

which was first used 1776 by L. Euler
and then 1789 introduced by A. M. Legendre to transform from
Lagrange’s to Hamilton’s equations of point mechanics.

Since then it has been widely used in physics.
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Legendre transformation
f(c) — f*(x) = sup{xc —f(c)}
[
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In 1949, W. Fenchel generalized the transformation to any

function

f:RN - RN U400,

) = 2zl — BRI

f#£+00 as

f need even not have anywhere a first derivative.

In 1962, J. J. Moreau generalized this transformation to
functionals defined on mutually dual functional spaces.
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Legendre transformation
f(c) — f*(x) = sup{xc —f(c)}
[

~f(Csup) /
C

XCsup
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Legendre transformation
f(c) — f*(x) = sup{xc —f(c)}
[

—f(Csup) /¢

y =f(c) f*(x)

XCsup
t 2
== ‘ 1 1 — X
-2 -1 1 2
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Legendre
Legendre transformation
f(c) — f*(x) = sup{xc —f(c)}
[
y
/c
f(c) f*(x)
= XC
(x = —0.12)
! T t t X
-2 -1 1 2
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Legendre
Legendre transformation
f(c) — f*(x) = sup{xc — f(c)}
C
y
/c
@
f(c) f*(x)
y = XC
(x =-1)
! ! ; | X
-2 -1 1 2
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Legendre
Legendre transformation
f(c) — f*(x) = sup{xc —f(c)}
C
y
/c
o
f(c) f*(x)
y = XC
(x=0)
! ! ; | X
-2 -1 1 2
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Legendre Legendre
Legendre transformation Legendre transformation
f(c) — f*(x) = sup{xc —f(c)} f(c) — f*(x) = sup{xc — f(c)}
[ c
y
[ c
* f*(x
f(c) F(x) (x)
y =Xc
(x =0.25)
! ! 1 — X ‘ ! — X
-2 -1 1 2 -2 -1 1 2
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Tangent of support
If f(c) is not convex between c¢; and cy, the derivative of f*(x) f f(c)

jumps at the slope xq of the common tangent at c; and c,.

If the derivative of f(c) jumps at ¢y from x; to Xy, the function
f*(x) is linear between x; and Xj.

To have a Legendre transform, f(c) can be arbitratily wild;
tangent should be understood as tangent of support.

subdifferential of (cy): set of all slopes of tangents of support to
f(c) at co.
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Legendre transformation

Examples
f*(x) — f(c) = sup{cx — f*(x)} < f(c)

Lagrange function L — Hamilton function H
4l /

f*(x) H(qlw'wqmiplw'wpm) = Sup{<P~,V>7L(q17“'aqm;vlu‘“avm)}

vk}

(P,V)= Zpkvk
k

f=(c) / m-dimensional Legendre transformation;

P runs through linear functions on the space of V.
The space of the P is dual to the space of the V.
| ‘ ‘ ‘ As a transformation between dual spaces, the Legendre transformation

f(c)

-2 -1 1 2 is analogously defined even for infinite dimensional (functional) spaces.
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Examples

Basic properties

Inner Energy E — Helmholtz Free Energy F f* is convex: if f is convex, then f** = f.

—F(T,V) =sup{TS —E(S,V)} f*(x) +f(c) > xc
S
Inner Energy E +— Enthalpy H f*(x) +f*(c) = xc <= ¢ € 9f*(x) and x € 9f**(c)
| Xo | o
—H(S,P) =sup{-PV —E(S,V)} X ¢
Helmholtz Free Energy F — Gibbs Free Energy G

—G(T,P) = —PV —F(T,V oX+d

( ) ) S\l'/jp{ ( ) )} X+ ch+d2 X1C+dl

9f*(xo) = {c} IF™(co) = [x1,%e]
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R T S s

Let f and f* both be convex:

if f(c) has no derivative at c, then there is a convex domain in 9 USSR P s l E

x-space where f*(x) is linear;

if f(c) is linear in some convex domain in c-space, then f*(x)
does not have a derivative at x equal to the gradient of the
linear function.

In the functional case, ¢ and x must freely vary in mutually
conjugate functional spaces and the derivative must be
understood as Frechet derivative.
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Quantum state:

x = (r,s), /dx:Z/d3r, atomic units: A=m = 1.
S

Orthonormal Fock space basis: |Wy), (W |Wy/) = k-
The |Wy) are 0,1,2,.. . -particle states.
Fock space:

=T+W+v, P=> [Wi)pc(Wkl,  Pc>0, Y pk=1

/V?Z'T(X)Vzﬁ(x)dx, “ ¢

N[P] = nsg/(r) = tr (iss/(1)P) = Zpk<wk|ﬁ55’(r)|wk>:
k

N[P]=tr(NP),  E[P]=tr(HP),
o Ht - 5 s)dr,
\Y —Z/L (r,s)Vss/(r)ep(r,s")d>r <V=”>:/V”dx:Z/Vssf(r)ns«s(r)dP’r,

ss’
ss’

o) = 1,900 s), K= [0lr.9)d(r,9)ox.
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9 The Hohenberg-Kohn theorem for the quantum ground state
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For fixed v, E[v,N] is convex in N:

E[v,Ni] =tr(A[v]Py),  tr(NPy) =Ny,
E[v,No] = tr(A[V]P,),  tr(NP,) =N,
P =cPy+(1—c)P, 0<c<1,

N =tr(NP) = cNy + (1 — ¢)N3
E[v,N] = mPin{tr(H[v]P) |tr(NP) =N} <

<tr(A[v]P) = cE[v,Ni] + (1 — c)E[v,Ny].

E| Ny N N,

J§>i N
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In an infinite space the N-particle system does not necessarily
have a ground state. For instance a potential —A/r does at
most bind N = A + 1 electrons. Any additional electron is not
bound and disappears at infinity in a non-stationary scattering
state.

Periodic boundary conditions:
X=x+Ly=y+L z=z+L: reT?®
Three-torus T2 of finite volume |T|

= A ground state always exists.

Ground state energy:

E[v,N] :rr’gn{tr(ﬂ[v]la)

tr(NP):N}
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For fixed N, E[v,N] is concave in v: (—E[v, N] is convex)

E[cvi + (1 —c)vy,N] =
= mPin{ctr(I:I[vl]P) + (@ —c)tr(A[vo]P) | tr(NP) =N} >
>c ngiln{ctr(ﬂ[vl]Pl) | tr(NPy) = N1+
(1-c¢) n;in{ctr(ﬂ[vz]Pz) [tr(NPy) =N} =
= cE[vy,N] + (1 — c)E[v2, N], 0<c<1,

since a joint minimum of a sum cannot be below the sum of the
independent minima of the items.
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Legendre transformations:
H[n] = sup{—(n,v) +inE[v,N]} L
v
Glv, ] = sup{uN — E[v,NI} = GIv — ] = ~inf E[v — 1, N], —infsup{E[v,N] - (n,v)} =
N \
since E[v — 41, N] = E[v,N] — uN, = infFuiep[n, N].

E[v,N] = Sﬂp{Nuf Glv — ]} E1v.N] = sup{Nje -+ if{HIn] + v 1o} } .

Exercise: Show that the supremum of a family of convex functions is convex. _ inf{H [n] + <V, n> + sup[N _ (l, n>]#>}
G, like —E is convex in v; —n as dual (functional) variable to v: 0 w

Al=n] = sup{(=n.v) — Glv]} = H[n. Elv,N] = min{Hn] + (v,n) | (1,n) =N}

Glv] = SLHJP{<V7 —n) —H[-n]} = - irgf{H[n] +(v,n)}. v eL¥2(T3), nel¥(Td).

HK lemma: n — v — p is unique (not proven here).
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The Kohn-Sham ansatz (KS):
Nssr(r) = Z¢i(f?5)ni¢i*(f,5’),
i
0<nm<1, > m=N, (gl¢) =5

H[n] = K[n] + L[n],

@ The Kohn-Sham equations
inl = min {ict(o.n) | (@1a) =6, Y omer =n. 0<n <1,

k : Hermitian form of the ¢;.

ev.Nl = min {Hinl.nal + S naivion

(il ¢y)=dj
0<n;<1

>oini=N
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(K+v+v)oi = disi,

k — Kon: v _oL
—C')I* = Koili, L*(Sns

=)

(=2

el L@p Koo

nj=1fore <ey, 0<ni<lforegi=¢ey, nj=0fore >eyn.

The existence of a splitting H = K + L as above with existing
functional derivatives and hence the whole KS approach is a
guess, not proven so far!
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The long-standing representability problems of DFT have been
overcome by this approach for the ground state DFT and SDFT.

There are still problems with the non-existence of derivatives,
notably the gap problem for semiconductors and more subtle
problems for SDFT (and generally for KS);

see

H. Eschrig and W.E. Pickett, Solid St. Commun. 118, 123 (2001);

W. Kohn et al., Int. J. Quant. Chem. 100, 20 (2004).
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There is next to no hope to get a systematic approach to the
knowledge of H[n] or L[n]. (k[{¢i, ni}] is usually defined
explicitly.)

Therefore, applied DFT is model DFT.

Local density approximations (LDA or GGA) as an example:

N 1
k=> ni(¢iftle) + 5 > ninj(@igfllr — |7 n),
i i

L[n] = /n(r)l(n(r),Vn(r),...)d3r.

LDA+U, SIC, .. .differ in the definition of k.

Helmut Eschrig IFW Dresden Introduction to the Density-Functional Theory of the Ground State]

e Mermin’s DFT for non-zero temperature
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Mermin 1965:

Grand canonical state:
Unique mappings:

e*/j(ﬂ*”'q)
V—p]l=——>——
palv = ¢l tre—A(H—uN) L¥2(T3) > (v —p) —— neDg
Generating functional for the grand canonical potential 3: J T

A .1 i
Qo] =trp (H[v] —uN + 3 Inp>7 p>0,trp=1 grand canonical pg

Dg = {n coming from some pg, 3 fixed}

1 ~ ~
AV — ol = — = —BH=uN) _ Q Tpalv —
Qplv — 4] 3 ntre vlpslv — ul] From its definition:

Qpv]i ictl inv for T .
Aol > lpslv — 1] = IV — 4] for p # pslv — 4] ‘ s[v] is strictly concave inv for T >0 ‘

(v—p) — pg — n=1tr(dps) and, as HK n — (v — ) is unique
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Legendre transformation —Q3[v] < Fg[—n]:
(v used as shorthand for v — p.)

Fsn] = Fg[-n] = sep{ —(n,v) +Qg[v]},

Qp[v] = min {Fsln] + (v,n)}.

Falnavl] ~ o] = ~(nsllv) = o =l
G Mermin-Kohn-Sham theory
Faln] — Quvglnl] = —~(wslnl) = %7 = —vln], neDy
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MKS MKS

Subsystem of a single quantum state (orbital) ¢ of a
non-interacting system (|) is the vacuum):

951v] = min{ 7o) + (v, | =
P = (L = Pkl + |k ) Pr (e

= onin {ZTé[pml+<v,n[pk,<,ok1>}
1 (Pt L
T/l;[pk’@k]:trpk<-|—+§|npk> = N

' Variation of ¢* and of pg:

A 1
= —Plel 5 1) + 5 (PeInpe + (1 = pe) In(L - py)) A L
; (—E‘*‘V)S"k:wfka
ot = int { S Thpd | Spelend? =} 1
‘ Pt 2 ¥ ; PR(6) = fa(eR) = 520 :
e’k 4+1
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Definition of Féc[n] for an interacting system:
Fsln] = Tsln] + 1 / nss(r)nsrs//(r’) dxdx’ & The whole theory, of course, as in the ground state variant
2. Ir —r’| again depends on the knowledge of the density functional
+ F,é(c[nL neD, FXC[n] which hardly ever is accessible and hence has to be
modeled changing the exact theory into a model theory within a
A off rigorous frame. Also, the existence of the derivative of FXC[n] is
—5 +VT —ek ek =0, i ‘
2 still not proven.
SFXC
vel— v v v vXC = ﬁ
/ 2 This theory is not yet tested, but among new perspectives for
Pk (8) = fa(ex — ), T > 0itcould for T — O finally settle some of the open
o uestions, in particular for SDFT.
Nslv — 1] = Nsgr(r) =Y falex — o (r,8)"(r "), . &
K

Qﬁ[v - :u] = Fx?[nﬁ[v - /L]] + <(V - H)? ng[V - /1]>
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Summary

Qs
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ummary
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Ground state DFT yields the total energy as function of the
geometric configuration of ions in molecules and solids
(adiabatic energy surfaces), and the charge and possibly
spin density for each configuration. For weakly correlated
systems also the band structure has some limited physical
meaning.

At non-zero temperature there is a one-one mapping
between potentials and (spin)-densities in full generality. A
HKS theory may be designed in full analogy to the ground
state case, which has no restrictions and no jumps of
derivatives.

Non of these theories covers orbital magnetism which can
in a similar way only be treated within Dirac theory.

Summary

@ Based on the modern theory of Legendre transformations,
for which an elementary introduction is presented, and on
the convexity properties of the ground state energy E[v, N]
as a functional of the external potential v and a function of
the particle number N, the most general form of the HK
theorem is derived.

@ Introduction of via orbital dependent expressions explicitly
defined parts of the density functional yields both the KS
equations and the aufbau principle for the occupation of
KS orbitals. The observation of the latter is mandatory for
finding the total energy minimum in KS theory.
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Summary

Thank you for your attention!

Helmut Eschrig IFW Dresden Introduction to the Density-Functional Theory of the Ground State]



	An elementary introduction to Legendre transformation
	The inhomogeneous fermion system
	The Hohenberg-Kohn theorem for the quantum ground state
	The Kohn-Sham equations
	Mermin's DFT for non-zero temperature
	Mermin-Kohn-Sham theory
	Summary

