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Surface-state spin textures in strained bulk HgTe: Strain-induced topological phase transitions
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The opening of a band gap due to compressive uniaxial strain renders bulk HgTe a strong three-dimensional
topological insulator with protected gapless surface states at any surface. By employing a six-band k · p model,
we determine the spin textures of the topological surface states of bulk HgTe uniaxially strained along the (100)
direction. We show that at the (010) and (001) surfaces, an increase in the strain magnitude triggers a topological
phase transition where the winding number of the surface-state spin texture is flipped while the four topological
invariants characterizing the bulk band structure of the material are unchanged.
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I. INTRODUCTION

Topological insulators (TIs) are new quantum states of
matter whose theoretical prediction and experimental verifi-
cation has had a tremendous impact in the field of funda-
mental condensed matter physics [1–17], and for potential
applications in spintronics and quantum computation [18].
Time-reversal (TR) invariant TIs are insulating in the bulk
but they do possess gapless surface states topologically
protected by TR symmetry [1,3]. These metallic surface
states are spin-momentum locked: surface electrons with
opposite spins counterpropagate at the sample boundaries.
For three-dimensional (3D) TIs, Bi2Se3 [10], Bi14Rh3I9 [15],
and β-HgS [19,20] to name but a few, the existence of these
topological surface states (TSS) can be directly inferred from
the four Z2 indices characterizing the bulk band structure of a
3D TR invariant insulator [7–9]. However, both the strong
ν0 index and the three weak {ν1,ν2,ν3} indices make no
assertion on the nature of the spin textures of the surface
states which, realizing a vortex structure in momentum space,
can be characterized topologically by the winding number
(the topological charge of the vortex) of the planar unit spin

(ni,nj ) = (Si,Sj )/
√

S2
i + S2

j . It is defined by

w =
∮
C

dk
2π

· [ni∇knj − nj∇kni],

where C is a closed loop in momentum space encircling the
essential degeneracy point of the topological surface state,
guaranteed by TR invariance. Generally speaking, the two
winding numbers w = ±1 (cf. Fig. 1) are equally compatible
for linear Dirac cones, and the specific value is independent of
the Z2 topological indices of the bulk band structure. In many
strong 3D TIs with a single Dirac cone on the surface, however,
additional point group symmetries at the surfaces pin the spin
texture winding number to w = 1. This occurs for instance
at the high C3v [21,22] symmetry surfaces of materials with
a rhombohedral crystal structure such as Bi2Se3. For surfaces
where the symmetry is lowered, a similar assertion cannot be
made.

In this paper, we show that at surfaces with point group
symmetry lower than C2v , the surface-state spin textures of
compressively strained bulk HgTe—a strong 3D TI whose
nontrivial topological properties have been experimentally
verified by quantum Hall measurements [23]—have a topo-
logical charge that can be flipped from w = 1 to w = −1 by
continuously increasing the strain magnitude. By employing a
six-band k · p Kane model, we demonstrate that for a uniaxial
strain along the (100) direction, the orbital character of the
topological surface states at the (010) and (001) surfaces
depends sensitively upon the strain magnitude. This ultimately
leads to a change in the nature of the surface-state spin textures
at a critical strain magnitude.

The paper is organized as follows: in Sec. II we introduce
the six-band k · p model for uniaxially strained HgTe and
verify the occurrence in semi-infinite slab geometries of a
surface Kramer’s doublet at the surface Brillouin zone (BZ)
center; in Sec. III we define mirror Chern numbers for the
long-wavelength k · p model and define ensuing pseudospin
textures for the surface Dirac cones, directly linked to the spin
textures (see Sec. IV). In Sec. V we introduce an inversion
symmetry breaking perturbation, thanks to which the k · p
model correctly captures the Td point group symmetry of
the zinc-blende lattice, and verify that the strain-induced
topological phase transition for the spin textures is still present.
Finally we draw our conclusions in Sec. VI.

II. TOPOLOGICAL SURFACE-STATE DIRAC POINTS

Pristine HgTe is a zero gap semiconductor with the Fermi
energy in the middle of the fourfold degenerate light-hole
(LH) and heavy-hole (HH) �8 states at the BZ center [7,24].
The topological nature of the electronic states in this material
cannot be inferred from these p3/2 atomic levels [7] but
rather follows from the inverted band ordering at the zone
center of the LH �8 band, which is particlelike, and the �6 s

band, which is holelike. In normal semiconductors, such as
CdTe, the �6 band forms the conduction band while the LH
�8 band represents one of the valence bands. This inverted
band ordering, which is an immediate consequence of the
strong spin-orbit coupling of Hg, establishes this material
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w=1 w=-1

FIG. 1. Sketch of possible spin textures of Dirac-like surface
states in strong 3D TI. The left panel corresponds to a right-handed
helical structures with winding number w = 1. In the right panel
w = −1.

to be topologically nontrivial since two bands of opposite
parities [25] have level crossed with respect to the normal band
ordering. By externally applying a compressive uniaxial strain,
the fourfold degeneracy of the �8 states at the zone center is
lifted and thus a gap at the Fermi energy opens up [7,23].
This immediately establishes compressively strained HgTe as
a strong 3D TI.

The bulk-boundary correspondence [16,17] then guarantees
the existence of TSS with a conical dispersion at any surface,
and the surface Kramer’s doublet—the Dirac point—sitting
at the surface BZ center. To verify this, we rely on an
effective low-energy theory based upon a k · p expansion of
the lowest energy bands around the � point of the BZ. This
approach has successfully described the quantum spin Hall
effect in HgTe/CdTe quantum wells [4,6]. We thus employ
the six-band Kane model for the �6,8 bands [26], where the
influence of a compressive uniaxial strain, which, without loss
of generality, we assume along the x̂ direction, is taken into
account via the Bir-Pikus Hamiltonian (see the Supplemental
Material [27]). The Luttinger and k · p parameters are based
on the T = 0 band structure of pristine HgTe [28]. We can
establish the presence and the electronic characteristic of
the surface Kramer’s doublet at the (100), (010), and (001)
surfaces by solving the k · p model at the surface BZ center in
the half-infinite space x ≶ 0, y ≶ 0, and z ≶ 0, respectively,
using the general method outlined in Ref. [29].

FIG. 2. Behavior of the surface Dirac point in compressively
strained HgTe as a function of the strain magnitude εxx at the (100),
(010), and (001) surfaces (red lines). We also show the conduction
and valence band edges as well as the �6 band edge (gray lines). At
the (100) surface, the surface Dirac point is buried within the HH
valence band but resides in the band gap of the LH-�6 TI bulk.

FIG. 3. Behavior of the topological surface-state penetration
depth in compressively strained HgTe as a function of the strain
magnitude εxx at the (100), (010), and (001) surfaces.

Figure 2 shows the behavior of the surface Dirac point
energy EDP as a function of the uniaxial strain magnitude
εxx renormalized by the factor Du/(3E0) where E0 is the
distance of the �6 band edge from the direct BZ center midgap
while Du is the deformation potential of HgTe. At the (100)
surface, the surface Kramer’s doublet is buried within the HH
valence band, while on the two other surfaces it resides in the
indirect bulk gap of the system. This termination dependence is
also reflected in the behavior of the penetration depth of the
surface states (cf. Fig. 3). Specifically, the surface states at the
(010) and (001) surfaces are characterized by a diverging decay
length in the εxx → 0 limit, which implies that at these planes
the TSS penetrate more deeply into the bulk as compared to
the (100) TSS.

These different electronic characteristics can be attributed
to the different nature of the Dirac wave function of the
surface BZ center. At the (100) plane, indeed, the surface-state
Dirac wave function is all made of LH and �6 states. A
uniaxial strain along the x̂ direction preserves the axial rotation
symmetry in the plane, and thus at the surface � point with
momentum ky ≡ kz ≡ 0 the total angular momentum Jx is a
good quantum number [4,29]. This, in turn, implies the absence
of any mixing between the |J = 3/2; Jx = ±3/2〉 HH states
and the Jx = ±1/2 LH and �6 states. Henceforth, the HH
bands play the role of inserted “parasitic” bands [29] on top
of the LH-�6 TI bulk, in the band gap of which the surface
Dirac point resides (cf. Fig. 2). This does not hold true at
the (010) and (001) planes where the uniaxial strain along
the x̂ direction breaks the in-plane rotation symmetry, thereby
leading to an effective hybridization between the Jy,z = ±1/2
states with Jy,z = ±3/2 HH states. The surface Dirac wave
function becoming a superposition of �6,8 localized states is
then pushed out of the HH bulk bandwidth [30] and remerges in
the full band gap of the system, in agreement with the features
encountered in the Fano model [31].

III. MIRROR CHERN NUMBERS AND PSEUDOSPIN
TEXTURES

To proceed further, we now introduce the notion of mirror
Chern numbers (MCN). The MCN are topological invariants,
which are protected by mirror symmetries. In the absence
of strain and neglecting the bulk inversion asymmetry of
the zinc-blende crystal structure, the point group at the �
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point of HgTe is the full cubic group Oh. Correspondingly
the Kane model Hamiltonian is invariant under nine mirror
symmetry operations. The presence of an uniaxial strain
along the (100) direction reduces the number of these mirror
symmetry operations but preserves the ones with respect to the
(100), (010), and (001) planes. Since the Kane model Hamil-
tonian commutes with the corresponding mirror symmetry
operations at the three planes kx,y,z ≡ 0, all eigenstates can be
classified according to their ±i mirror parity. This allows one
to define two time-reversal related Chern numbers C±i whose
sum vanishes but with a difference nM = (Ci − C−i)/2, which
is an integer Z topological invariant and defines the MCN.

We have computed the MCNs of the full six-band Kane
model Hamiltonian using its decomposition at the mirror
planes in terms of the nine Gell-Mann matrices, and subse-
quently employed the elegant formulation of Ref. [32] to derive
the Chern numbers for the corresponding continuum models.
This allows us to avoid an effective two-band modeling which
can only be introduced ad hoc. We find a MCN nM ≡ −1
at the ky,z ≡ 0 planes, whereas nM ≡ 1 at the kx ≡ 0 plane.
And indeed, under proper coordinate transformations, the
continuum k · p Hamiltonians at the ky,z ≡ 0 planes cannot be
adiabatically transformed into the kx ≡ 0 one without closing
the bulk band gap. The three MCNs indicated above allow
us to immediately derive a pseudospin texture for the TSS at
the (100), (010), and (001) planes, as explained below. At the
(100) surface, the projection of the two (010), (001) planes
define two lines where the TSS can be classified according
to their mirror eigenvalues. We can thus define a pseudospin
vector σ with components related to the mirror operatorsMy,z

by σy,z = −iMy,z. The dispersion of the TSS can be then
written in terms of this pseudospin as

H
(100)
eff = vz

F kyσz − v
y

F kzσy, (1)

where the sign of the two Fermi velocities v
z,x
F is uniquely

determined by the MCNs of the system via the bulk-edge
correspondence for the ky,z ≡ 0 planes. Specifically we have

sgn(vz,y

F ) = n
kz,y=0
M which yields the pseudospin texture shown

in the top panel of Fig. 4(a). It exhibits a helical structure
with a left-handed helicity for the surface-state conduction
band, and a right-handed one for the valence band, in perfect
agreement with density functional theory studies [33,34]. At
the opposite (1̄00) surface the sign of both Fermi velocities
are flipped, which changes the helicity of the pseudospin
texture but still preserves the pseudospin texture winding
number w = sgn(vz

F × v
y

F ) = 1. A similar analysis at the
(010) and (001) surface terminations yields the pseudospin
textures shown in Fig. 4(a). At these surfaces the different
values of the two MCN yield a pseudospin texture with an
opposite winding number w = −1.

Figure 5 shows the behavior of the magnitude of the TSS
Fermi velocities |vF | as a function of the strain magnitude
εxx . We find that for the TSS at the (100) plane, the two
Fermi velocities v

y,z

F have equal magnitudes. Therefore, the
TSS display a global U(1) rotational symmetry similar to the
case of, for instance, Bi2Se3 [21]. As a two-dimensional k · p
for the pseudospin one-half surface Kramer doublet explicitly
shows [29], this is an immediate consequence of the fourfold
rotational symmetry along the x̂ axis of the Kane model
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ky

kz

(010)

-kx

kz

(001)

kx

ky

ky

kz

-kx

kz

kx

ky

(a) (b)

FIG. 4. (a) Pseudospin textures for the TSS of HgTe in the
presence of a uniaxial strain along the (100) direction at the (100)
(top panels), (010) (middle panels), and (001) (bottom panels) crystal
planes. (b) Physical spin textures for strain smaller than the critical one
−εxx < −εc. For larger strain the physical spin textures correspond
to the pseudospin ones.

Hamiltonian. And indeed, at the (010) and (001) planes where
the uniaxial strain along the (001) direction lowers the surface
point group symmetry, we find the Fermi velocities of the TSS
to differ, with an anisotropy that is enhanced by increasing the
strain magnitude.

IV. SPIN TEXTURES

The pseudospin textures of the TSS have a close relation
to the physical spin textures. This can be found introducing
the projector operator Px,y,z = (1 − iMx,y,z)/2 onto the sub-
spaces of the Kane model Hamiltonian with mirror parity +i,
and considering their effect on the physical spin operators

FIG. 5. Behavior of the magnitudes of the Fermi velocities |vF |
in the TSS of strained HgTe as a function of the strain magnitude εxx .
The TSS at the (010) and (001) planes exhibit an anisotropic behavior
since the uniaxial strain along the x̂ direction lowers the point group
symmetry.
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Sx,y,z at the planes invariant under the mirror symmetry
operations. It can be shown that PiSjPi ≡ 0 for i �= j , which
simply states that at the surface lines invariant under the mirror
symmetries, the physical spin can be either parallel or antipar-
allel to the pseudospin. For SmB6, the physical spin was found
to be always parallel to the pseudospin, and thus the knowledge
of the MCNs provides a robust classification of the topological
surface-state spin textures [35]. This, however, does not hold
true for HgTe. The projected spin operator of the �6,8 bands has
both positive and negative eigenvalues, and thus the relation
between the pseudospin and the physical spin depends on
the orbital composition of the surface states. By evaluating
the projected spin operator eigenvalues of the TSS along the
aforementioned symmetry invariant lines, we find that the
physical spin is always parallel to the pseudospin except
at the kz ≡ 0 and ky ≡ 0 lines for the (010) and (001) surface
terminations, respectively. At these lines indeed, the physical
spin is antiparallel to the pseudospin below a critical strain
magnitude |εc|, and parallel above it. This implies that contrary
to the TSS pseudospin textures at the (010) and (001) surface
terminations, which are characterized by a w = −1 winding
number independent of the strain magnitude, the physical spin
textures exhibit a right-handed w = 1 helical structure for
small strain [cf. Fig. 5(b)]. The w = −1 spin textures equal
to the pseudospin textures are then restored for larger strain
values.

To gain more insight into this spin texture topological
phase transition, we have computed the orbital resolved
projected spin eigenvalue of the TSS along the mirror
invariant lines ky,z ≡ 0 for the (001) and (010) surface
terminations, respectively, by varying the strain magnitude
(cf. Fig. 6). The TSS with positive pseudospin is an admixture
of |J,Jy,z〉 = |1/2,1/2〉 �6, |3/2,3/2〉 HH and |3/2, − 1/2〉
LH states. For small strain, the TSS has a predominant LH
orbital character which implies that the physical spin is
antiparallel to the pseudospin. By continuously increasing the
strain magnitude, the TSS starts to acquire a sizable �6 and
HH character which ultimately reverses the spin direction to
be parallel to the pseudospin.

V. BULK INVERSION ASYMMETRY EFFECTS

Next, we take into account the bulk inversion asymmetry
(BIA) of the zinc-blende crystal structure, with point group

FIG. 6. Orbital resolved (gray lines) and total spin (black line) of
the TSS with positive pseudospin for the (010) [(001)] plane at the
kz ≡ 0 [ky ≡ 0] line. For small strain, the physical spin is antiparallel
to the pseudospin, while for large strain they are parallel.

symmetry Td [26,36]. From a k · p perspective, this point
group symmetry reduction yields additional linear in k terms
in the �8 block Hamiltonian, which originate from bilinear
couplings consisting of k · p and spin-orbit interaction with
the uppermost d core levels [37,38]. They read

H8,8
BIA = c

[{
Jx,J

2
y − J 2

z

}
kx + c.p.

]
/
√

3, (2)

where Jx,y,z are the J = 3/2 angular momentum matrices, c.p.

denotes the cyclic permutations of the preceding term, while
{Ji,Jj } denotes the anticommutator of Ji , and Jj . Finally, c is
an elementary parameter of the Kane model Hamiltonian [26].

The presence of the BIA terms destroys the mirror sym-
metry operations of the k · p Hamiltonian at the (100), (010),
and (001) plane, and consequently the spin textures of the
TSS cannot be directly inferred from the mirror Chern
number discussed above. However, the spin textures can be
topologically characterized by their winding number since they
yet realize a planar vortex structure in momentum space as we
show below.

In presence of a uniaxial strain along the (100) direction, the
point group symmetry Td is reduced to the tetragonal symmetry
D2d [39]. Therefore, at the (010) and (001) surface the system
still retains a twofold rotation symmetry along the y and z,
respectively. By choosing as a natural basis for the surface
Kramers doublet sitting at the surface BZ center the total
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FIG. 7. Behavior of the spin components of the TSS at the (001)
surface at the ky = 0 line for kx < 0 (a),(b) and at the kx = 0 line
for ky < 0 (c),(d) as a function of the strain magnitude εxx including
BIA terms in the Kane model. The dashed lines are the results in
the absence of BIA terms where the spin textures are determined
by mirror Chern numbers. We have chosen two representative
values of the elementary parameter c. Panels (e) and (f) sketch the
corresponding spin textures and show the calculated winding number
as a function of the strain magnitude.
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FIG. 8. Phase diagram for the winding number of the spin texture
in the εxx − c plane. The colored area corresponds to regions where
the Kane model does not predict the opening of an indirect bulk
band gap. The red line separates the two regions of opposite winding
numbers.

angular momentum Jz = ±1/2 [21], we have that the twofold
rotational symmetry can be represented as C2 = −iσz. On the
contrary the antiunitary time-reversal symmetry operator can
be represented as usual by � = iσyK, where K is the complex
conjugate. The form of the k · p surface Hamiltonian is then
constrained by the time reversal and rotational symmetry.
Indeed under C2, spin and momentum transform according
to kx,y → −kx,y, σx,y → −σx,y , and σz → σz. With the time-
reversal symmetry constraint being H(k) = σyH	(−k)σy , the
linear in k surface Hamiltonian reads

Heff (k) = v
y

F kx(σy − ασx) − vx
F ky(σx − βσy),

which, although allowing for a distortion of the textures
presented in Fig. 4, still yields a completely planar structure.

To verify that the topological charge of the spin textures and
the ensuing strain-induced topological phase transition are not
affected by the inversion symmetry breaking perturbation, we
have solved the Kane model Hamiltonian with BIA terms in the
half-infinite space z < 0. Figure 7 shows the spin components
of the TSS at the kx,y ≡ 0 lines for ky,x < 0 as a function
of the strain magnitude at two representative values of the
BIA parameter c. The TSS spin ceases to be orthogonal to

these lines acquiring a finite component parallel to them. The
spin textures then gets tilted but still conserves the winding
number as an explicit calculation shows. Moreover, as found
earlier (cf. bottom panels in Fig. 4), the ŷ spin component at the
ky = 0 line switches sign at a critical strain, thereby confirming
the presence of the strain-induced topological phase transition
where the winding number of the spin textures switches from
w = 1 to w = −1. Figure 8 shows a phase diagram for the spin
textures winding number obtained by varying the strength of
the BIA term. The critical strain at which the winding number
of the spin textures is flipped depends very weakly on the k · p
elementary parameter c, demonstrating that the occurrence of
the topological phase transition is independent of BIA effects.

VI. CONCLUSIONS

We have classified the topological surface-state spin texture
of bulk uniaxially strained HgTe, and have shown that assum-
ing a strain along the x̂ direction, the spin texture at the (100)
plane exhibits a conventional left-handed helical structure,
while considering (010) and (001) surface terminations the
nature of the spin texture strongly depends on the orbital
character of the topological surface states. The topological
charge of the spin texture vortex structure can be indeed
flipped by increasing the strain magnitude. This phenomenon
is entirely due to the strain dependence of the orbital character
of the TSS and occurs without any bulk band gap closing-
reopening point making such a topological phase transition
very different from the ones proposed in, for instance, SmB6

[35] and HgTexS1−x [34]. Finally, our results can be potentially
tested using spin-resolved ARPES in strained HgTe.
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