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We establish that the interplay of itinerant fermions with localized magnetic moments on a checker-

board lattice leads to magnetic flux phases. For weak itineracy the flux phase is coplanar and the electronic

dispersion takes the shape of graphenelike Dirac fermions. Stronger itineracy drives the formation of a

noncoplanar, chiral flux phase, in which the Dirac fermions acquire a topological mass that is proportional

to a ferromagnetic spin polarization. Consequently the system self-organizes into a ferromagnetic

quantum anomalous Hall state in which the direction of its dissipationless edge currents can be switched

by an applied magnetic field.
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Introduction.—The study of topologically nontrivial
states of matter is one of the hottest topics in present-
day condensed-matter physics. Topological states require
a theoretical paradigm that goes beyond the concept of
global symmetry breaking as laid out by Landau. It is
remarkable that the theoretical predictions on the exis-
tence of various topologically ordered states have rather
swiftly led to the discovery of an entirely new class of
materials, the topological insulators [1–4]. Recent pio-
neering experiments have confirmed the key signatures
of nontrivial topology in certain materials, e.g., spin-
momentum-locked undoubled Dirac fermions [5–7] and
the quantum spin Hall effect [8]. These topological insu-
lators are time-reversal-invariant generalizations of the
first, much older, topological state of matter, the famous
integer quantum Hall states [9,10] that are induced by a
magnetic field, which obviously breaks time-reversal
(TR) symmetry.

In a seminal work in 1988, Haldane established that a
magnetic field is not required to induce states with the
same topology as integer quantum Hall states [11]. It was
shown that adding complex hopping to a graphenelike
Hamiltonian for electrons on a honeycomb lattice opens
up topologically nontrivial gaps at the Dirac points, which
yields a topologically ordered, insulating state, referred to
as a quantum anomalous Hall (QAH) state. An important
feature of QAH states are edge channels, in which current
can run only in one direction. This is in contrast to quantum
spin Hall states, where each edge has two channels carry-
ing currents in opposite directions, one for each spin [12].
QAH states would thus allow very robust, dissipationless
charge transport along edge channels, as backscattering
would be completely suppressed. However, while signa-
tures of QAH behavior have been reported in some com-
pounds [13–15], the only QAH state so far reported has
very recently been realized in ‘molecular graphene,’ a
nanostructure tailored to this purpose [16]. Other ap-
proaches suggested so far are spin-orbit-coupled magnetic

semiconductors [17], spin-orbit-coupled ad-atoms on
graphene [18], or spin-polarized quantum spin Hall
states [12].
The experimental difficulty is mirrored by the frailty of

theoretical mass-generating mechanisms for a graphene-
like kinetic energy with a linear dispersion at the Fermi
level. TR-symmetry breaking via (magnetic) order requires
rather specific and strong longer-range Coulomb interac-
tions [19], because the Dirac cones’ vanishing density of
states at the Fermi level renders interaction-driven ordered
states energetically less favorable. QAH states can more
readily be induced in models with a finite density of states
[20–22], especially in cases of quadratic band crossings
[23], as for instance found in the checkerboard lattice,
which exhibit a weak-coupling instability [23–25].
We will show here that the ground state of itinerant

electrons strongly coupled to localized spins on a checker-
board lattice is given by massless Dirac fermions or by a
chiral QAH state, depending on parameters. The spin
texture underlying the QAH state has a net ferromagnetic
(FM) moment, flipping the FM polarization therefore al-
lows us both to induce the QAH state from Dirac fermions
and to switch between ground-states of opposite chirality.
This possibility to control an edge current by an external
magnetic field is an attractive feature in the context of
spintronics.
The itinerant checkerboard lattice magnet.—We model

the itinerant electrons coupled to localized core spins by a
one-band double-exchange model with a competing anti-
ferromagnetic (AFM) superexchange interaction,

Ĥ ¼ �X

hiji
ðtij c y

i c j þ H:c:Þ þ JAFM
X

hiji
Si � Sj; (1)

where c y
i (c i) creates (annihilates) a fermion on site i.

Our discussion will for simplicity first focus on infinite
Hund’s rule perfectly aligning the fermion spin to the
localized spins Si, but the main results remain valid for
finite and even weak coupling, as discussed later. We
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investigate here the checkerboard lattice, shown in
Fig. 1(b), whose first Brillouin zone is given by ðkx; kyÞ 2
fjkx þ kyj � �g \ fjkx � kyj � �g. Both ‘‘straight’’ and

‘‘diagonal’’ edges are here included in the sum over hiji.
This equivalence of the bonds arises when the checker-
board lattice is seen as reflecting the hopping topology of
connected tetrahedra, see Fig. 1(a). Since such tetrahedra
are building blocks in various frustrated structures, e.g., the
pyrochlore lattice of quasi-one-dimensional compounds
[26], understanding their frustration is of high interest.
We have verified that the results remain intact for weaker
‘‘diagonal’’ hoppings. Stronger diagonal hopping favors a
Néel-type ordering, where the electron-spin system decou-
ples into one-dimensional diagonal chains with van Hove
singularities at the band edges.

In the absence of charge carriers or for strong
AFM coupling JAFM ! 1, the Heisenberg term domi-
nates. It can be rewritten in terms of the total spins on
the crossed plaquettes SP ¼ S1 þ S2 þ S3 þ S4, giving
JAFM

P
hijiSi � Sj ¼ ðJAFM=2Þ

P
PSP � SP � JAFMN, where

N is the number of sites. Clearly, the lowest energy is
obtained whenever SP ¼ 0 for all crossed plaquettes.
Since a macroscopic number of configurations fulfill these
local constraints, the ground-state manifold is highly de-
generate. For Ising spins, these local constraints, SP ¼ 0,
are equivalent to the requirement of ‘‘two-up–two-down’’
spins on each crossed plaquette [27]. This is akin to the
‘‘two-in–two-out’’ rule, the ice rule, that governs the mag-
netic energetics in three-dimensional spin-ice systems,
which remain disordered down to the lowest temperatures.
The spin-ice rule SP ¼ 0 on the checkerboard leads to an
even larger class of ground states, if Heisenberg spins
instead of Ising spins are considered, as is the case in the
present Letter.

Doping with itinerant charge carriers can (partly) lift the
macroscopic degeneracy of the ground-state manifold [28]
because the kinetic energy competes with the ice-rule

constraints due to the double-exchange mechanism:
For classical on-site spins (with jSij ¼ 1), which are
specified by polar and azimuthal angles ð�i;�iÞ, the effec-
tive hopping amplitude is modified by the relative spin

orientation as tij ¼ t½cosð�i=2Þ cosð�j=2Þ þ sinð�i=2Þ�
sinð�j=2Þe�ið�i��jÞ� [29], where the bare hopping ampli-

tude t is our unit of energy. For the uniform ferromagnet,
the electronic bands correspond to those of spinless free
fermions on the checkerboard, given by Eþ ¼ 2t and
E� ¼ �2t� 4t coskx cosky; the density of states (DOS),

Dð!Þ ¼ h1N
P

k�ð!� �kÞi, is shown in Fig. 2(a). In this

Letter, we consider here the average density of one electron
per two sites, where the kinetic energy has the strongest
impact. We use Markov-chain Monte Carlo simulations to
anneal the classical spins, where the probability of a spin
configuration is given by the free energy of the effective
fermionic Hamiltonian, as obtained by exact diagonaliza-
tion [29]. We have performed calculations on lattices with
N ¼ 82, 122, 162, and 202 sites. Markov-chain Monte
Carlo calculations were supplemented with an energy op-
timization in order to suppress thermal fluctuations [30]
and complemented by an analytic weak-coupling analysis.
Massless Dirac fermions through lifting of the spin-ice

degeneracy.—For large superexchange coupling JAFM�1,
the magnetic order is expected to belong to the highly
degenerate ground-state manifold fulfilling SP ¼ 0. Our
Markov-chain Monte Carlo calculations show that the
kinetic energy lifts this degeneracy completely and picks
out the particular coplanar, but noncollinear, state that is
schematically depicted in Fig. 1(b). Nondiagonal bonds
connect orthogonal spins, while diagonal bonds connect
AFM spins, effectively excluding them from the hopping
term. Going around a square plaquette, the electrons pick
up a phase ei�, corresponding to an invariant flux of �, and
this special ‘‘flux’’ phase has been shown to arise in models
for high-Tc superconductors [31,32] and in the double-
exchange models on the square lattice [33–36]. On the
unfrustrated square lattice, it competes with the Néel state
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FIG. 1 (color online). (a) Shows the arrangement of tetrahedra
that gives rises to the hopping topology of the checkerboard
lattice. Spins of the flux phase in the tetrahedral unit cell are
also shown. (b) Ordered pattern of spins in the coplanar flux
phase represented on the projected checkerboard lattice.
(c) Representation of the spins in the ‘‘umbrella’’ spin-chiral
state, as obtained with MCMCþ optimization for a 16� 16
lattice with JAFM ¼ 0:105, where � ¼ 0:148 compared to 0.141
as would be expected analytically; all spins have been translated
to a single site.

FIG. 2 (color online). Electronic density of states of (a) the
FM (spinless) phase, (b) the ‘‘flux’’ phase (in red) and spin-
chiral umbrella phase for various � (see text). The inset of
(a) shows the Brillouin zone (black solid) and the Fermi surface
(red solid) of the noninteracting checkerboard lattice at quarter
filling. The two vectors Qa ¼ ð�; 0Þ and Qb ¼ ð0; �Þ perfectly
nest the Fermi surface. (c) Spin susceptibility �0ðQa Þ ¼ �0ðQbÞ
for various temperatures.

PRL 109, 166405 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

19 OCTOBER 2012

166405-2



for strong JAFM [33–35], but since it fulfills the ice-rules, it
remains stable for JAFM > 0:12 on the checkerboard
lattice.

The DOS of the flux phase shows semimetallic
behavior [see Fig. 2(b)] that originates from two Dirac
points in the spectrum. Low-energy excitations are de-
scribed by a relativistic Dirac equation, in full analogy
with graphene [37]. The core-spin texture �i ¼ ð�i;�iÞ
of the flux phase can be written as�i ¼ ð�=2; ði� 1Þ�=2Þ
with i ¼ 1, 2, 3, 4 [see Fig. 1(a)]. Even though the mag-
netic texture has a four-site unit cell, the two-site electronic
unit cell need not be enlarged. The electronic Hamiltonian,

in the ðc y
A; c

y
BÞ basis, is then given by HðkÞ ¼ dðkÞ � �,

with the Pauli matrices � ¼ ð�x; �y; �zÞ and dðkÞ ¼
�ðcoskx þ cosky; coskx � cosky; 0Þ, the band structure of

which is shown in Fig. 3(a). The two inequivalent Dirac
points, or valleys, are located at M� ¼ ð��=2; �=2Þ.

Massive QAH Dirac fermions.—Having established that
the electronic kinetic energy selects a unique noncollinear
pattern for the checkerboard double-exchange magnet,
which has a graphenelike Dirac spectrum, we consider
next what happens upon an increase of the itineracy.
Lowering JAFM, we find that the magnetic interactions

enforcing the tetrahedron rules are overcome by the elec-
tronic kinetic energy for JAFM & 0:12. The transition is
continuous and can be understood as a tilting of the flux
pattern out of the plane, forming an ‘‘umbrella’’. An ex-
ample is shown in Fig. 1(c): the spins fall along four
directions, whose projections onto the x-y plane mirror
the ‘‘�-flux’’-phase pattern, but there is an additional FM
component along the z axis. The spins can be described
using an Ising variable s ¼ �1 (which will turn out to
correspond to a scalar spin chirality) and a continuous
parameter � giving the tilting along �z: f�s

i ð�Þg ¼ð�=2þ �; sði� 1Þ�=2Þ, where i ¼ 1, 2,3,4 again runs
around a crossed plaquette. A similar scenario, but with
an 8-site unit cell and Chern numbers �2, arises on a
square lattice with longer-range couplings when nearest-
neighbor hoppings are strongly modulated [36].
The scalar spin chirality of the state is defined as

� ¼ P
T Si � Sj � Sk, where the sum is over all triangles

T of the checkerboard lattice, and Si � Sj � Sk is taken in

the counter-clockwise direction. The chirality as a function
of � is plotted in the inset of Fig. 3(b) for umbrella states
��, it is � 	 �s� for small �. The label �s decides the
sign of the chirality for � > 0 and is related to a (counter)
clockwise rotation of the spin projection onto the x-y plane.
The umbrella states, in addition to a continuous spin rota-
tion symmetry, thus also break a discrete Z2 symmetry. As
a discrete symmetry can also be broken at finite tempera-
ture in 2D, chiral ordering may be possible even without
long-range magnetic ordering [38].
Tilting the spins breaks TR symmetry for the electronic

degrees of freedom, as fluxes through elementary pla-
quettes are related to the solid angle subtended by the
spins surrounding the plaquette. Calculating the hoppings
in the umbrella states, we find that hopping on the straight

bonds is given by ts1 ¼ e�si�=4ð1� si sin�Þ= ffiffiffi
2

p
, with

jts1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ sin2�Þ=2p 
 t1 and �s

1 ¼ arctanð�s sin�Þ �
s�=4 
 �s [see Fig. 1(c)]. In addition, hopping along
the diagonal bonds is no longer 0 but t2 ¼ � sin�, inde-
pendent of chirality. This leads us to the effective elec-
tronic Hamiltonian

HsðkÞ ¼ dðkÞ � � þ d0ðkÞ�0; with

d0ðkÞ ¼ �2t2 coskx cosky; d
3ðkÞ ¼ 2t2 sinkx sinky;

d1ðkÞ ¼ �2t1 cos�
sðcoskx þ coskyÞ; and

d2ðkÞ ¼ �2t1 sin�
sð� coskx þ coskyÞ;

(2)

where the two states referred to by the matrices are again
the two sites of the unit cell and�0 is the unit matrix so that
the Dirac Hamiltonian above is recovered for � ¼ 0, im-
plying �s ¼ �=4 and t2 ¼ 0. From the DOS [Fig. 2(b))]
and the band structure [Fig. 3(a)], it is clear that finite ��0
opens a gap for the Dirac cones. Since the hoppings are
complex and the diagonal bonds have been activated, both
TR and parity symmetries are broken, allowing a QAH

FIG. 3 (color online). (a) The band structure of the gapless flux
phase (red) and the insulating chiral phase (blue, � ¼ 0:3) along
a path in the Brillouin zone specified in the inset. (b) Quantized
Hall conductivity in the chiral state (� ¼ 0:3), when the Fermi
level is in the gap, the quantized value depends on the chirality of
the spin state. The inset shows the calculated chirality of the
states ��, where the dashed (solid) line corresponds to þ (�).
(c� e) Spectrum of the flux phase calculated for a strip geome-
try, which explicitly shows the edge states at the open boundary.
(c) �-flux phase (� ¼ 0:0) exhibits edge states similar to gra-
phene. (d),(e) Chiral gapped phase (� ¼ 0:2); chiral edge states
connect valence and conduction bands. The states drawn with
solid (dashed) lines lives on the top (bottom) edge. The chirality
in (e) is reversed with respect to (d), the right- and left-moving
states are consequently exchanged.
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state [39]. To establish that the gapped state is indeed
topologically nontrivial, we calculate the Chern number
of the occupied band (for a general band n Cn ¼ 1

2�i �H
@BZ dk �AðkÞ, where AðkÞ ¼ hnkjrkjnki is the Berry

connection) and find C ¼ sgnðt2Þsgnðsin2�sÞ. Chirality
and Chern number hence perfectly correlate and we ob-
serve that inverting the magnetic polarization � ! ��
flips both the spin chirality and the Chern number. The
off-diagonal Hall conductivity as a function of chemical
potential, obtained from Eq. (2) for � ¼ 0:3, is shown in
Fig. 3(b). Figures 3(c)–3(e) show the effect of nontrivial
topology on the edge of the system: chiral edge states
connect valence and conduction band. As can be seen by
comparing Figs. 3(d) and 3(e), the direction of the edge
currents can be reversed by inverting the spin chirality.
Particularly appealing would be a system with a ground
state still in the ‘‘massless’’ flux phase, but close to the
transition to the QAH state, where a topological gap could
be opened by a small magnetic field, and the direction of
the edge currents could be manipulated by its orientation.

The observation that spin configurations of the umbrella
states are continuously connected to the coplanar flux
phase suggests that the electronic QAH state can be under-
stood from the low-energy physics of the electrons at the
Dirac points. In general, when the low-energy electronic
theory is described by two inequivalent Dirac fermions
there are four possible mass terms that may gap out the
spectrum [40]. Three of those are compatible and corre-
spond to a one-component charge density wave instability
(sublattice potential) parameter and a two-component
bond-density wave instability. The fourth possibility to
open a gap is a time-reversal symmetry breaking perturba-
tion. The latter case applies to the present situation, in full
correspondence with the original proposal for the graphene
lattice [11,41].

Weak Hund’s rule coupling.—Up to this point we have
studied the Hamiltonian in Eq. (1), which assumes a very
strong coupling between localized and itinerant electronic
spins. We now briefly touch on the case where this Hund’s
rule coupling is arbitrary and possibly weak. This situation
is generically described by the Kondo lattice model (more
details in Ref. [41]), where itinerant spinful electrons are
coupled to a classical spin field,

Ĥ ¼ �t
X

hiji;	
ðc y

i	c j	 þ H:c:Þ � JH
X

i

Si � c y
i	�	
c i
;

(3)

where the vector of Pauli matrices �	
 refers to the spin of

the itinerant electrons. Half filling in the spinless case
corresponds to quarter filling in the spinful case, where
the Fermi surface (FS) of free fermions on the checker-
board lattice is a square, as shown in the inset of Fig. 2(a),
and where the DOS shows a van Hove singularity, see main
panel of Fig. 2(a). Two ordering vectors Qa ¼ ð�; 0Þ and
Qb ¼ ð0; �Þ perfectly nest the FS and the order parameter

of the gapped and gapless flux phases can be written
as SðriÞ ¼ ½Sa cosðQa � riÞ;Sb cosðQb � riÞ;Sc�, with
the conditions jSaj ¼ jSbj and S2

a þ S2
b þ S2

c ¼ 1. The
gapless flux phase with Dirac points corresponds to
Sc ¼ 0. The Ruderman-Kittel-Kasuya-Yosida interaction
mediated by the electrons between the spins is given by

�ð2Þ ¼ �J2H
P

p�0ðpÞS	ð�pÞS	ðpÞ and is thus determined

by the spin susceptibility �0ðpÞ¼�P
n

P
kTr½Ĝ0ðk;i!nÞ�

Ĝ0ðkþp;i!nÞ�=ð2NÞ, where Ĝ0ðk; i!nÞ is the noninteract-
ing electronic Green’s function. The temperature depen-
dence of �0ð�; 0Þ and �0ð0; �Þ is shown in Fig. 2, clearly
showing divergent behavior at quarter filling. Comparison
with alternatively ordered states is presented in Ref. [41].
We conclude that the double-q ordered flux phase is ex-
pected to be stabilized by weak-coupling instability con-
nected to FS nesting. Additional AFM coupling between
the localized spins in the spinful model of Hamiltonian (3)
enhances the energetic stability of the gapped and gapless
flux phases with respect to the ferromagnet.
Discussion and conclusions.—In conclusion, we inves-

tigated the interplay of itinerant electrons with a frustrated
AFM spin background on the checkerboard lattice using
Monte Carlo methods and analytic approaches. The elec-
tron kinetic energy selects a unique magnetic ground state,
the �-flux phase, from the macroscopically degenerate
spin-ice manifold optimizing the AFM interactions. Its
electronic states feature massless Dirac fermions. Both a
magnetic field and slightly stronger kinetic energy can
induce a spin chirality, from which the Dirac fermions
inherit a topologically nontrivial mass.
The Kondo-lattice model on the checkerboard model

thus provides a direct realization of Haldane’s proposal
for obtaining a QAH state [11]. QAH states on the checker-
board lattice have also been proposed as candidates for
hosting an anomalous fractional quantum-Hall-like state
[24,42,43]. This requires nearly dispersionless bands; in
the present scenario, additional longer-range hopping
�2t3ðcos2kx þ cos2kyÞ can give a ratio of band gap vs

band width of 	 5 for � ¼ 0:3. While this is considerably
less than ratios achievable by tuning all parameters [24] or
in t2g-orbital systems [44,45], it is comparable to eg [44]

systems or a square-lattice model [46].
Interestingly, the QAH state’s chirality is coupled to a

FM spin polarization and the direction of the edge currents
can thus be switched by a magnetic field, an alluring
property for quantum spintronics applications. Such a
magnetic field would also tend to suppress magnetic do-
mains with opposite FM moment and chirality. However,
magnetic domains with opposite uniform ferromagnetic
components would also be very interesting, because the
domain walls separating them are expected to provide one-
dimensional chiral transport channels. In addition, recent
work has shown that topological defects of the spin texture,
e.g., Z2 vortices, carry electronic midgap states represent-
ing fractionally charged excitations [47].

PRL 109, 166405 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

19 OCTOBER 2012

166405-4



This research was supported by the Interphase Program
of the Dutch Science Foundation NWO/FOM (J. V. and
J. v. d. B.) and by the Emmy-Noether program of the DFG
(M.D.). S. K. acknowledges support from DST, India.

[1] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802
(2005).

[2] R. Roy, Phys. Rev. B 79, 195322 (2009).
[3] J. E. Moore and L. Balents, Phys. Rev. B 75, 121306

(2007).
[4] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98,

106803 (2007).
[5] Y. Xia, L. Wray, D. Qian, D. Hsieh, A. Pal, H. Lin, A.

Bansil, D. Grauer, Y. S. Hor, R. J. Cava, and M. Z. Hasan,
arXiv:0812.2078.

[6] D. Hsieh, Y. Xia, D. Qian, L. Wray, J. H. Dil, F. Meier, J.
Osterwalder, L. Patthey, J. G. Checkelsky, N. P. Ong, A. V.
Fedorov, H. Lin, A. Bansil, D. Grauer, Y. S. Hor, R. J.
Cava, and M. Z. Hasan, Nature (London) 460, 1101
(2009).

[7] Y. Xia, D. Qian, D. Hsieh, L. Wray, A. Pal, H. Lin, A.
Bansil, D. Grauer, Y. S. Hor, R. J. Cava, and M. Z. Hasan,
Nature Phys. 5, 398 (2009).

[8] M. Koenig, S. Wiedmann, C. Bruene, A. Roth, H.
Buhmann, L.W. Molenkamp, X.-L. Qi, and S.-C. Zhang,
Science 318, 766 (2007).

[9] K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett.
45, 494 (1980).

[10] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M.
den Nijs, Phys. Rev. Lett. 49, 405 (1982).

[11] F. D.M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
[12] C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang, and S.-C. Zhang,

Phys. Rev. Lett. 101, 146802 (2008).
[13] Y. Taguchi, Y. Oohara, H. Yoshizawa, N. Nagaosa, and Y.

Tokura, Science 291, 2573 (2001).
[14] Y. Machida, S. Nakatsuji, Y. Maeno, T. Tayama, T.

Sakakibara, and S. Onoda, Phys. Rev. Lett. 98, 057203
(2007).

[15] H. Takatsu, S. Yonezawa, S. Fujimoto, and Y. Maeno,
Phys. Rev. Lett. 105, 137201 (2010).

[16] K. K. Gomes, W. Mar, W. Ko, F. Guinea, and H. C.
Manoharan, Nature (London) 483, 306 (2012).

[17] X.-L. Qi, Y.-S. Wu, and S.-C. Zhang, Phys. Rev. B 74,
085308 (2006).

[18] H. Zhang, C. Lazo, S. Blügel, S. Heinze, and Y.
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