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Limit to manipulation of qubits due to spontaneous symmetry breaking
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Abstract

We consider a two-spin qubit that is subject to the order parameter field of a symmetry broken manipulation device. It is shown that

the thin spectrum of the manipulation device limits the coherence of the qubit.

r 2006 Elsevier B.V. All rights reserved.
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The experimental progress in the realization of quantum
superpositions—qubits—is staggering: we have, nowadays,
a proliferation of different kinds of spin, charge and
superconducting qubits. In order to use these for quantum
computation it is essential that the qubits can be
manipulated. We consider a two-spin qubit that is
manipulated by an external magnetic field. The important
point is that we assume that the external field is not just
some presupposed classical magnetic field. Instead we take
it to be generated by the order parameter—the magnetiza-
tion—of a large quantum magnet. This magnet, which is
our manipulation device, is necessarily in a symmetry
broken state as it has a finite order parameter. This implies
the existence of a thin spectrum in the magnet [1–3]. The
thin spectrum—also referred to as anomalous spectrum by
Anderson [4]—consists of the collective excitations of the
order parameter with strictly zero momentum. We show
that the presence of these states sets a upper bound for the
coherence of the qubit that is being manipulated.

Our analysis is based on the Lieb–Mattis spin Hamilto-
nian. We have recently shown that in the framework of this
Hamiltonian one can derive a limit to quantum coherence
- see front matter r 2006 Elsevier B.V. All rights reserved.
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in many-particle spin qubits [1,2]. This universal limit is due
to spontaneous symmetry breaking and the time-scale is
tspon ’ 2pN_=ðkBTÞ, given in terms of the number of
microscopic degrees of freedom N, temperature T and the
constants of Planck (_) and Boltzmann (kB). In the present
paper, however, we will consider the many-body spin
system as a manipulation device and not as qubit.
The symmetry broken manipulation device is described

by the antiferromagnetic Lieb–Mattis Hamiltonian [3]

HLM ¼
2J

N
SA � SB � BðSz

A � Sz
BÞ. (1)

The Hamiltonian is defined for N spins on A and B

sublattices, where SA=B is the total spin on the A=B

sublattice with z-projection Sz
A=B. The symmetry breaking

field denoted by B, in this case a field that couples to the
staggered magnetization Sz

A � Sz
B, is needed here because

we consider an antiferromagnet with only a finite number
of spins. The particularity of the Lieb–Mattis Hamiltonian
is that every spin on sublattice A is interacting with all spins
on sublattice B and vice versa, with interaction strength
2J=N. This very simple Hamiltonian accurately describes
symmetry breaking and the related thin spectrum that is
encountered in more complicated Hamiltonians, like the
nearest neighbor Heisenberg antiferromagnet [4–6].
As an example of a qubit manipulation, we consider the

rotation of a two-spin qubit from its singlet state into a
triplet state. To do this a local staggered magnetic field
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acting on the qubit is needed: the order parameter field of a
symmetry broken antiferromagnet. We shall show that
from the very moment that the qubit and antiferromagnet
are coupled, the manipulation device, because of its
intrinsic thin spectrum, starts to decohere the two-spin
qubit. The model Hamiltonian describing this process is
given by

H ¼ HLM þ DS1 � S2 þ
g
N
ðSz

A � Sz
BÞðS

z
1 � Sz

2Þ, (2)

where we divide g by N to ensure that the spin–spin
coupling is of order J. In this model D describes energy
splitting between the singlet and triplet state of the qubit. If
we first take D to be zero, then we can diagonalize the
Hamiltonian exactly, and write its eigenfunctions as simple
product functions [1,2]:

Hjn;Sz
1;S

z
2i ¼ Eðn;Sz

1;S
z
2Þjn;S

z
1;S

z
2i. (3)

Here jni are the eigenfunctions of the symmetry broken
Lieb–Mattis antiferromagnet and Sz

1 and Sz
2 are the z-

projections of the qubit spins. With these eigenstates we
can now describe the rotation of the qubit by the order
parameter field of the antiferromagnet. First we construct
the initial density matrix:

rtot0
¼

1

Z

X
n

e�bEðnÞjni � jqubiti � hqubitj � hnj, (4)

where jqubiti ¼ 1ffiffi
2
p ðj "#i � j #"iÞ. Then we let this density

matrix evolve in time, using the exact time evolution
operator: rt4t0

¼ Urtot0
Uy: Finally, we trace away the

complete antiferromagnet, since we are interested in the
qubit state only, not in the exact state of the manipulation
device. Notice that in this case the tracing of the
antiferromagnetic states boils down to tracing away the
thin spectrum states:

rredt4t0
¼
X
c

hcjrt4t0
jci ¼

1

Z

X
n

e�bEðnÞe�ði=_Þ
ffiffiffiffiffiffi
J=B
p

ðg=4NÞnt.

(5)

The first exponent in this equation is the Boltzmann factor
that weights the thin spectrum states. The two components
"# and #" of the qubit give rise to a different interaction
energy with the thin spectrum states of the manipulation
device. This energy difference determines the unitary time
evolution of the two components and comes back in the
second exponent in the equation above. This expression
immediately yields the coherence time of the qubit:

tcoh /
N_

kBT

B

g
. (6)

This coherence time-scale thus limits the time available to
perform a manipulation on the qubit. Since the decoher-
ence of separate manipulations presumably will have an
accumulating adverse effect, this same time-scale also limits
the total time that a quantum computer will have to run its
calculation, if it uses nanoscopic symmetry broken
manipulation machines.
Next, we consider the case with non-zero D. When D is
large, the singlet will not easily be rotated into a triplet.
This limit is not very practical since it also implies that the
antiferromagnet will not be able to function as a
manipulation device. We therefore consider the limit
D5g. In this case we can no longer diagonalize Hamilto-
nian (2) analytically. Instead we use the dynamical mean-
field method described by Allahverdian et al. [7]. First we
split the Hamiltonian (2) as H ¼ HAF þHqubit and then
introduce the following mean-field Hamiltonians for the
antiferromagnet and qubit:

HAF ¼ HLM þ
g
N
hSz

1 � Sz
2iðS

z
A � Sz

BÞ,

Hqubit ¼ DS1 � S2 þ
g
N
hSz

A � Sz
BiðS

z
1 � Sz

2Þ. (7)

We then use the adiabatic assumption to set hSz
A � Sz

Bi to
its semi-classical value N=2 so that we can diagonalize
Hqubit exactly. The resulting eigenstates can be written in
the eigenbasis of the operator Sz

1 � Sz
2 as

jcqubitðtÞi ¼

ffiffi
1
2

q
ðw"#ðtÞj "#i þ w#"ðtÞj #"iÞ. (8)

The time dependence of the components in this eigenstate
is given by the time evolution operator which corresponds
to Hqubit. To describe the dynamical behavior of the
complete system we again follow Allahverdian et al. by
writing

jcðtÞi ¼
ffiffi
1
2

q
ðw"#ðtÞe

ðit=_ÞHAFðhS
z
1�Sz

2i¼1Þj "#; ni

þ w#"ðtÞe
ðit=_ÞHAFðhS

z
1�Sz

2i¼�1Þj #"; niÞ. ð9Þ

In this equation jni represents the antiferromagnetic
eigenstate of HLM, and the time evolution is given for
each qubit component separately by its mean field. This
way the dynamics of the system do not get lost in the mean-
field approximation. With this expression for the time-
dependent eigenstates of the coupled system we can, as
before, construct a density matrix and trace away all of the
states of the antiferromagnet. The resulting reduced density
matrix describes the decoherence of the qubit due to the
coupling to the antiferromagnet, and the coherence time
can be read off by looking at the off diagonal matrix
element. We find that in the limit D5g the qubit decoheres
after a time tcoh given by Eq. (6)—the same result as for the
case where D ¼ 0.
We thus conclude that decoherence occurs if a qubit is

interacting with the order parameter of a many-particle,
symmetry broken manipulation device. The decoherence is
caused by the energy shifts in the thin spectrum of the
manipulation device, which are induced by the qubit. This
thin spectrum is a generic feature that all quantum systems
with a broken continuous symmetry share.
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